The problem of the determination of the horizontal and vertical force distributions at the base of a stockpile is a famous outstanding problem in granular theory, and has been exhaustively examined. In all past studies, the shape of the stockpile is assumed to be either a twodimensional wedge or a three-dimensional cone. Here we present the only known exact analytical solutions of the governing equations for the continuum mechanical theory of granular material for two-dimensional parabolic and three-dimensional cubic curved stockpiles. Such curved profiles are known to occur experimentally, as well as in the interiors of blast furnaces. The model assumes that the stockpile is composed of two regions, which are an inner rigid region and an outer yield region. For such infinite stockpiles we follow normal practice and determine the force distributions at a certain height and we argue that these forces should approximate those for a stockpile of finite height resting on a horizontal surface. The solutions presented are valid for granular materials which we term 'highly frictional', by which we mean that the angle of internal friction φ is such that sin φ ≈ 1. We note that there exist many real granular materials, for example black and brown coal, possessing angles of internal friction in the range of 60 to 65 degrees, resulting in values of sin φ equal to around 0·87 to 0·91. The exact parametric solution is applied to the outer yield region and it is extended continuously into the inner rigid region. Numerical results for both two-and three-dimensional problems indicate that the magnitudes of the horizontal and the vertical forces at the base have their maximum values at the stockpile extremities.
Introduction
Since many granular materials are stored in heaps, it is important to know the force distributions at the base, as these stresses influence settlement, caking, comminution and overall deterioration of the stored material. Smid and Novosad (1) showed experimentally the counterintuitive outcome that the maximum vertical pressure does not occur directly beneath the stockpile vertex, but rather at some intermediate point giving rise to a ring of maximum vertical pressure. This result has attracted much attention, and has produced numerous discrete and computational models which attempt to explain this phenomenon. We refer the reader to (2) for extensive references which we do not repeat here. For the limiting case of φ = π/2, where φ denotes the angle of internal friction, Hill and Cox (2) determine an exact analytical solution for the two-dimensional stockpile shown in Fig. 1 , and indicate that this may well be the only value of φ for which a solution exists, because it is only for this special case that the yield condition and the free surface condition are compatible. This means that for other values of φ, a solution may only exist where the surface material is not at yield. (2) In this paper, again assuming the limiting case of φ = π/2, we present exact analytical solutions for two-and three-dimensional granular heaps shown schematically in Figs 2 and 3. Such curved profiles are known to occur within blast furnaces, comprising packed unburnt coke, and are referred to as the 'dead man' (see, for example, (3; 4, p. 2)). Also, plane curved heaps have been reported experimentally using glass and lead beads by Grasselli et al. (5) ; these authors approximate the surface with an exponential profile which, close to the vertex, is precisely parabolic. The solutions presented here are applied in the outer yield region and then extended continuously into the inner rigid region, such that the stresses remain continuous across the curved boundary between the two regions. In order to determine the force distributions throughout the entire stockpile, some prescription of the stress in the inner rigid region is necessary, and that adopted here is believed to be the most natural. Alternative, and less prescriptive, solutions may be obtained assuming only the continuity of stress tractions across the curved boundary between the two regions, but we do not consider such solutions here.
Hill and Cox (2) consider a two-dimensional wedge stockpile where the material is assumed to be entirely at yield as shown in Fig. 1 . By applying the Jenike radial flow solutions, numerical results indicate that for a general φ, there is no solution satisfying all the necessary boundary conditions. However, an explicit exact analytical solution is given for the limiting case of φ = π/2, and numerical results confirm that all the required conditions are satisfied. For any value of φ, Hill and Cox (6) also exploit the Jenike radial flow solutions, and show that there is a solution for the stockpile that is not entirely at yield but has an inner dead region and outer yield region as indicated in Fig. 4 , where the free surface condition applies on the outer surface of the yield region, and the stresses are assumed to remain continuous across the two regions. Hill and Cox (6) assume that the material in the inner dead region is at an equilibrium state while other authors assume an inner elastic region (7 to 9). These authors assume that a granular material can be treated as an elastic medium, and when the ratio of the shear strain to the normal strain goes beyond a certain critical value, the stockpile may be divided into two regions, comprising an elastic inner region and a plastic outer region. In the inner elastic region the stresses are expressed in terms of the displacement field, while in the outer plastic region, the stresses satisfy the Coulomb-Mohr yield criterion. We emphasize that assuming an inner dead region which is not at yield, there is no unique procedure to determine the stress distribution within such a region, as long as there is strict inequality for the Coulomb-Mohr yield criterion. Given that some prescription of stress within the dead region is necessary, and that here the two regions are separated by a curved boundary, we propose that the continuity of stresses across this boundary provides the most natural definition of stress within this region. In this paper we utilize the recently derived exact similarity parametric solutions (10) for the problem of the determination of the stress distributions in curved stockpiles, which in two dimensions are assumed to be parabolic and in three dimensions are assumed to be cubic shaped. Following Hill and Cox (6), we propose that the stockpile is not entirely at yield, but is made up of an outer yield region, where the material is assumed to be at the limiting equilibrium point of yield, and an inner rigid region, where the material is assumed to be in equilibrium, but not at yield. We assume that the profile of the outer surface of the yield region is given by y = −ax 2 in two Stresse acr
Fig. 4
Two-dimensional schematic of wedge sand-piles in (6) dimensions and z = −ar 3 in axial symmetry, and that the boundary surface between the outer and the inner regions is defined by y = −bx 2 in two dimensions and z = −br 3 in axial symmetry, where a and b are positive constants such that 0 < a < b < ∞ (see Figs 2 and 3) . Further, assuming an infinite stockpile we determine the force distributions at a certain height and we argue that these forces should approximate those for a stockpile of finite height resting on a horizontal surface. The exact solutions of the governing equations for the Coulomb-Mohr granular solid presented here are formally valid provided sin φ = 1. Accordingly, we have in mind that these solutions apply for the granular materials for which sin φ ≈ 1. Indeed, there exist many real granular materials which exhibit the values of φ such that sin φ ≈ 1: black and brown coal exhibit relatively high values of the effective angles of internal friction in the ranges of 40 to 60 degrees and 45 to 65 degrees respectively (11, p. 23), for which sin 60 • = 0·8660 and sin 65 • = 0·9063. We also find from (12) that for soils under confining pressure, the angles of internal friction are in the high range of 70 to 75 degrees for which we observe that sin 70 • = 0·9397 and sin 75 • = 0·9659 (see also (13, 14) ) for further examples). We emphasize that the major issue here is not the actual magnitude of φ, but rather the proximity of sin φ in relation to unity. Further, for certain problems the exact parametric solutions for sin φ = 1 can be utilized as the leading term in a perturbation scheme, where the correction terms are of order 1 − sin φ (15) .
For highly frictional granular materials, and in particular for materials that possess φ = π/2, upon examining the Coulomb-Mohr yield condition, namely
where c denotes the cohesion, we observe that although tan φ → ∞ as φ → π/2, we assume that along the yield surface the normal component of compressive traction σ , which is assumed to be positive in tension, tends to zero in such a manner that the product remains finite, and in particular is equal to c. As a result, the tangential component of traction τ also tends to zero as φ → π/2. This assumption is supported upon examining the Mohr circle diagram when φ = π/2, from which it is clear that yield can only occur provided both the normal and tangential components of traction are zero, as shown in Fig. 5 . Further, this demonstrates that even with φ = π/2, inter-particle slip might still occur (see, for example, the discussion given in (16, 17) ). From the Mohr circle diagram, it is clear that the minimum principal stress in magnitude must be zero when the material is yielding, and that the highly frictional yield condition only limits the state of yield in such a way that no tension is possible. Alternatively, from (18), we find that from the Mohr circle diagram we are able to deduce the expressions τ = q cos φ and σ = q sin φ − p, so that when φ = π/2, the Coulomb-Mohr yield condition (2.5) becomes simply p = q, and τ and σ become zero, where p = (σ I + σ III )/2, q = (σ I − σ III )/2 and σ I and σ III denote the maximum and minimum principal stresses respectively. We also note that for φ = π/2, the two families of generally distinct slip-planes coincide. Further, we note that for materials possessing φ = π/2, the behaviour of the material is completely dominated by the high value of φ, to the extent that the value of the cohesion becomes irrelevant, since formally in this limit the cohesion disappears from the governing equations. We also comment that in attempting to model masonry structures, Angelillo (19) has proposed the notion of idealized 'no-tension' materials, which incorporate a damage parameter. Our highly frictional theory appears to correspond to this theory with a zero damage parameter.
We further comment that as φ → π/2, then in terms of the Cauchy stresses the limiting yield condition (2.5) becomes σ 2 xy = σ x x σ yy and σ 2 r z = σ rr σ zz , for two and three dimensions respectively. We observe that these conditions also happen to be the natural conditions underlying all free surface problems, in the sense that the Cauchy stresses on any free surface must satisfy (3.5) and (3.25), which are only meaningful provided the expressions σ 2 xy − σ x x σ yy and σ 2 r z − σ rr σ zz vanish along the free surface, for two and three-dimensions respectively. As a result, the special case of φ = π/2 is reasonable as an initial approach for any problems that possesses a free surface, which indeed is the case for stockpiles. If we assume these conditions are satisfied throughout the entire material, as is the case for φ = π/2, then any valid solution has potential free surfaces at any point throughout the entire material.
In the following section, we state briefly the basic equations of the continuum mechanical theory for quasi-static flow of a granular material for both plane and axial symmetries. On assuming φ = π/2, we deduce the basic governing nonlinear partial differential equations for both symmetries. In section 3, the exact analytical solutions of the governing equations are used to determine the stress distributions within the curved stockpiles shown in Figs 2 and 3 and the corresponding numerical stress profiles are shown graphically in section 4.
Governing equations
In the following two subsections we state briefly the basic equations of the continuum mechanical theory of granular material for quasi-static steady flow conforming to the Coulomb-Mohr yield condition for plane and axially symmetric strains.
Equations for plane strain
In rectangular Cartesian coordinates (x, y, z) we consider the flow in the (x, y)-plane, with the y-axis taken to be vertically upwards. For steady quasi-static flows, the inertia terms may be neglected and therefore for plane strain conditions, the non-zero Cauchy stress components satisfy the equilibrium equations
where ρ denotes the bulk density, assumed constant, g is acceleration due to gravity and σ x x , σ xy and σ yy denote the usual in-plane Cauchy stress components which are assumed to be positive in tension. These components can be expressed in the standard form
where p and q are the stress invariants defined by
while the stress angle ψ, which is the angle between the maximum principal stress and the x-axis, is given by
The stress relations are completed with the assumption of the Coulomb-Mohr yield condition (1.1), which can be expressed in the form
when the granular material is at yield. The above equations are generally accepted as a reasonable basis for the determination of the stress components. On substitution of (2.2) and (2.5) into (2.1), we obtain
where β = sin φ. From (2.6) and (2.7) it is clear that β = ±1 give rise to the special cases. We rewrite (2.6) and (2.7) in the form 9) and in particular when β = 1 it follows from (2.8) that q is given explicitly by
while from (2.9) for β = 1 we have
and on introducing (2.10) into (2.11) and simplifying, we obtain the novel nonlinear partial differential equation
where h(x, y) = cot ψ. We observe that in the other special case of β = −1, we may deduce the same equation (2.12) in a similar manner but where h(x, y) = − tan ψ. Since this case is non-physical, it will not be discussed here.
Equations for axially symmetric strain
In terms of cylindrical polar coordinates (r, θ, z) for steady quasi-static axially symmetric flow with the z-axis vertically upwards, the non-zero components of the stress tensor satisfy the equilibrium equations
where ρ and g are as defined previously, and σ rr , σ r z , σ zz and σ θθ denote the usual physical Cauchy stress components which are assumed to be positive in tension. Again, these components can be expressed in the standard form
where the stress invariants p and q are defined by 15) while the stress angle ψ, which is the angle between the maximum principal stress and the r -axis, is given by
For the hoop stress σ θθ , we need to assume a stress state corresponding to one of the Haar-von Karman regimes. Here we adopt the regime
which is the case when the hoop stress is equal to the maximum principal stress. We note that when the hoop stress is equal to the minimum principal stress, an exact parametric solution can only be determined for the case of φ = −π/2, which is clearly non-physical. For a granular material with cohesion, the stress relations are completed with the assumption of the Coulomb-Mohr yield condition (2.5).
On substitution of (2.5), (2.14) and (2.17) into (2.13), we obtain
where β = sin φ. We again rewrite these equations (noting that special cases arise from β = ±1) in the form (2.19) so that for the special case of β = 1, it follows from (2.18) that q is given explicitly by
, (2.20) while from (2.19) for β = 1 we find 
where h(r, z) = cot ψ. We observe that in the special case β = −1 arising from assuming σ θθ = −( p + q), we may deduce (2.22) in a similar manner, but where h(r, z) = − tan ψ. Again this is non-physical and this case will not be discussed here.
Stockpile problems
In this section we consider the problem of the determination of the stress distribution within a curved stockpile. We set up coordinate axes at the centre of the stockpile with gravity acting in the vertically downwards direction as shown in Figs 2(b) and 3(b) , so that we have the plane strain and axially symmetric governing equations derived in the previous section for quasi-static flow, assuming that the material is on the point of yield. For the special case of β = 1, the governing equations reduce to (2.12) and (2.22) respectively, which both have been recently shown to admit exact parametric solutions with two arbitrary constants of integration (10) . Here, we utilize these solutions to determine the stress profiles within a curved stockpile. We assume that the stockpile is not entirely at yield, but is comprised of two regions, which are an outer yield region and an inner rigid region. In the outer yield region the material is assumed to be at the limiting point of yield, while in the inner rigid region the material is assumed to be in equilibrium. We apply the exact solutions in the outer region and then extend the solution across the boundary into the inner region in such a way that the stress components are continuous. The strict inequality of the yield condition is satisfied in the inner rigid region, but apart from this there is no unique procedure to determine the stress distribution in this region. However, the procedure presented here is considered to be a natural extension of the solution applying in the outer yield region, in the sense that the allowable functional forms imposed by the condition of stress continuity across a curved boundary are limited.
Parabolic stockpile
As shown in (10), (2.10) and (2.12) admit the following exact parametric solution:
where C 1 and C 2 denote arbitrary constants. Here we introduce C 3 such that the integral I (s) can be expressed in the form
where E(s) is defined by
We note that erf is the usual error function and that E(∞) = √ 2π . Now in order to use this exact solution, we need to make some assumptions about the stockpile. First, we assume that the profile of the outer surface of the yield region is given by y = −ax 2 and that the boundary surface between the outer yield region and the inner rigid region is defined by y = −bx 2 , where a and b are constants such that 0 < a < b < ∞, as shown in Fig. 2(b) . We also assume further that a stockpile is symmetrical, so that we need only consider one half of the stockpile, say x 0. Next, we need to determine the appropriate boundary conditions. First, we consider the outer yield region. For the stress free condition along the outer surface of the stockpile, we require both the tangential and normal stresses to vanish, namely
where λ is the angle defined in Fig. 2(b) , while σ x and σ y denote respectively the horizontal and vertical components of the stress vector defined by σ x = σ x x n x + σ xy n y , σ y = σ xy n x + σ yy n y , (3.6) where n x and n y denote the corresponding components of the normal to the surface of the stockpile, and note that tan λ = n x /n y . Since the outer surface of the stockpile is defined by y = −ax 2 , we may deduce
which gives rise to λ = tan −1 (2ax). On substitution of (2.2), (2.5), (3.6) and (3.7) with φ = π/2 into (3.5) we may deduce the boundary condition along the outer surface of the stockpile, namely ψ = − tan −1 (2ax) ± π/2, which can be simplified to obtain cot ψ = 2ax along y = −ax 2 . (3.8)
Now, we apply the boundary condition (3.8) to (3·1) 1 which gives
and along y = −ax 2 we also have from (3·2) 1 that
where s 1 denotes the parameter value along the stockpile outer surface. Thus from (3.9) and (3.10) we may deduce s −1 1 I (s 1 ) = 0, which gives either s 1 = ∞ or I (s 1 ) = 0, and we note that these two conditions cannot be simultaneously satisfied, for otherwise aC 2 = 0. From (3·1) 2 , q must be finite thus I (s 1 ) = 0 is not possible. Therefore we have s 1 = ∞, which on using (3.9) and (3.10) become
Next, on using (2.2), (2.5), (3.1), (3.2), (3.3) and (3.11) we obtain expressions for the stresses within the outer region, namely
12)
Here, we assume the profile of the outer surface is known or, in other words, a is assumed to be known, so that the only unknown constants to be determined are C 3 and b. As a check on the free surface condition (3.5), we note that along any curve y = −χ x 2 , where χ ∈ [a, b], the normal to the surface is given by n = (2χ x, 1)/ 1 + 4χ 2 x 2 , so that from (3.5), (3.6) and (3.12), noting (3.1) and (3.2), we have
from which it is clear that the stress free condition (3.5) along y = −ax 2 is satisfied as s = s 1 = ∞.
For an infinite stockpile, we assume that the horizontal and vertical components of the stress vector at finite height, say y = −h, approximate those for a stockpile of height h resting on a horizontal surface. With this in mind, we find that the normal to the surface y = −h is given by n = (0, 1), so that the horizontal and vertical components of the stress vector are simply σ x = σ xy and σ y = σ yy respectively. We comment that our solution does not allow for the effects of base support, for which a displacement boundary condition needs to be imposed. Next, we consider the inner rigid region where we assume that the stresses satisfy the equilibrium equations, but not the equality of the Coulomb-Mohr yield condition (2.5). Thus, in this rigid region the stresses satisfy the strict inequality q < p sin φ + c cos φ, where p and q are defined by (2.3). For φ = π/2 this inequality can be simplified to yield
Now, upon examining the form of the stresses in the outer yield region given by (3.12), the natural extension of these stresses into the inner rigid region is to assume that they extend continuously into the inner rigid region, which is done here by ensuring that the functional forms of the stresses at the boundary y = −bx 2 between the two regions are the same. Thus, after ensuring that these stresses also satisfy the equilibrium equations (2.1) we find that the stresses within the inner region may be determined as follows:
14)
where A and B are constants to be determined. Thus, if we assume the parameter value s = s 2 corresponds to the boundary between the two regions, namely along y = −bx 2 , then from (3.12) and (3.14), ensuring continuity requires
Thus from (3.15) 2 we find 
Now from (3.2) 1 where y = −bx 2 we also have 
Hence, we are able to describe the stresses in the inner rigid region as given by (3.14), where the constants A, b and s 2 are determined in terms of B. However, B is non-unique and prescribed only to lie in the range 1 3 < B < 1, which ensures that 0 < a < b < ∞ and s 2 > 0. Further, as a result of ensuring the stresses are continuous across the boundary between the two regions, the constant C 3 is found to be given by (3.17). We note that as a check on the solution, we are able to derive (3.21) by balancing the vertical forces along the base with the total weight of the stockpile. Finally, we need to check that the stress solution in the inner rigid region satisfies the strict inequality of the yield condition, namely (3.13). Thus, from (3.14) and the relation b A(B − 1) = B 2 , we find that (3.13) becomes y < −bx 2 , which is satisfied throughout the entire inner rigid region, due to the inner rigid region being bounded by the surface y = −bx 2 , as shown in Fig. 2(b) . We note that we only consider x 0 because we have assumed a symmetrical stockpile.
Cubic stockpile
As shown in (10), (2.20) and (2.22) admit the following exact parametric solution:
where C 1 and C 2 denote arbitrary constants. Here we also introduce C 3 such that the integral can be expressed in the form In this case we observe from (3.22) 2 that this solution has a 1/r singularity at the centre of the cubic stockpile (r = 0) which results in the singularity of the stress solution in the inner rigid region, as shown later in this section. Now in order to use this exact solution, we need to make some assumptions about the stockpile. We assume that the stockpile is axially symmetric, that the profile of the outer surface of the yield region is given by z = −ar 3 and that the boundary surface between the outer yield region and the inner rigid region is defined by z = −br 3 , where a and b are positive constants such that 0 < a < b < ∞, as shown in Fig. 3(b) . Next, we need to determine the appropriate boundary conditions. First, we consider the outer yield region. For the stress free condition along the outer surface of the stockpile, we require both the tangential and normal stresses to vanish, namely
where λ is the angle defined in Fig. 3(b) , while σ r and σ z denote respectively the radial and vertical components of the stress vector in the cylindrical coordinate system as given by
where n r and n z denote the corresponding components of the normal to the stockpile surface, and we note that tan λ = n r /n z . Since the outer surface of the stockpile is defined by z = −ar 3 , we may deduce
which gives rise to λ = tan −1 (3ar 2 ). On substitution of (2.5), (2.14), (3.26) and (3.27) with φ = π/2 into (3.25) we may obtain the boundary condition along the outer surface of the stockpile, namely ψ = − tan −1 (3ar 2 ) ± π/2, which can be simplified to give cotψ = 3ar 2 along z = −ar 3 . (3.28)
Now, we apply the boundary condition (3.28) to (3.22) 1 which gives
and along z = −ar 3 we also have from (3.23) 1 that
where s 1 denotes the parameter value along the stockpile outer surface. Thus from (3.29) and (3.30) we may deduce s −1 1 I (s 1 ) = 0, which gives either s 1 = ∞ or I (s 1 ) = 0, and we note that these two conditions cannot be true simultaneously, for otherwise aC 2 = 0. From (3.22) 2 , q must be finite thus I (s 1 ) = 0 is not possible. Therefore we obtain s 1 = ∞, which on using (3.29) and (3.30) become
Next, on using (2.5), (2.14), (3.22), (3.23), (3.24) and (3.31) we obtain expressions for the stresses within the outer region, namely
32)
and from (2.17) we have the hoop stress σ θθ = 0. Here, we assume the profile of the outer surface is known or, in other words, a is assumed to be known, so that the only unknown constants to be determined are C 3 and b. As a check on the free surface condition (3.25), we note that along any curve z = −χr 3 , where χ ∈ [a, b], the normal to the surface is given by n = (3χr 2 , 1)/ 1 + 9χ 2 r 4 , so that from (3.25), (3.26) and (3.32), noting (3.22) and (3.23), we have
, from which it is clear to see that the stress free condition (3.25) along z = −ar 3 is satisfied as s = s 1 = ∞. For an infinite stockpile, we assume that the horizontal and vertical components of the stress vector at finite height, say z = −h, approximate those for a stockpile of height h resting on a horizontal surface. With this in mind, we find that the normal to the surface z = −h is given by n = (0, 1), so that the horizontal and vertical components of the stress vector are simply σ r = σ r z and σ z = σ zz respectively. Next, we consider the inner rigid region where we assume that the stresses in this region satisfy the equilibrium equations, but not the equality of the Coulomb-Mohr yield condition (2.5). Thus, in this rigid region the stresses satisfy the strict inequality q < p sin φ + c cos φ, where p and q are defined by (2.15) . For φ = π/2 this inequality can be simplified to yield
Now, upon examining the form of the stresses in the outer yield region given by (3.32), the natural extension of these stresses into the inner rigid region is to assume that they extend continuously into the inner rigid region, which is done here by ensuring that the functional forms of the stresses at the boundary z = −br 3 between the two regions are the same. Thus, after ensuring that these stresses also satisfy the equilibrium equations (2.13) we find that the stresses within the inner region may be determined as follows:
where A and B are constants to be determined. Because the stress solution in the outer region for σ rr is singular, we find that the 1/r singularity of the Cauchy stress σ rr in the inner rigid region is unavoidable. We comment that this is a weak singularity, in the sense that although σ rr is singular, the integrated stress vector on any vanishingly small cylinder of radius r 0 remains finite as r 0 tends to zero. We further comment that σ rr is not directly involved in the evaluation of the force distribution across the base of the stockpile. Now, if we assume the parameter value s = s 2 corresponds to the boundary between the two regions, namely along z = −br 3 , then from (3.32) and (3.34), ensuring continuity requires
Thus from (3.35) 2 we find 
Finally, from (3.36) and (3.37) we obtain
Now from (3.23) 1 where z = −br 3 we also have
so that from (3.39) and (3.40) we may deduce the equation to determine s 2 , namely
Hence, we are able to describe the stresses in the inner rigid region as given by (3.34), where the constants A, b and s 2 are determined in terms of B. However, B is non-unique and prescribed only to lie in the range
, which ensures that 0 < a < b < ∞ and s 2 > 0. Further, as a result of ensuring the stresses are continuous across the boundary between the two regions, the constant C 3 is found to be given by (3.37). We note that as a check on the solution, we are able to derive (3.41) by balancing the vertical forces along the base with the total weight of the stockpile. Finally, we need to check that the stress solution in the inner rigid region satisfies the strict inequality of the yield condition, namely (3.33). Thus, from (3.34) and the relation b A(2B − 1) = B 2 , we find that (3.33) becomes z < −br 3 , which is satisfied throughout the entire inner rigid region, due to the inner rigid region being bounded by the surface z = −br 3 , as shown in Fig. 3(b) .
Results and conclusions
We have attempted the first detailed mathematical analysis for stockpiles which are not of the two-dimensional wedge or three-dimensional conical shape which are normally studied. We have utilized recently determined exact parametric similarity solutions, derived in (10) , to determine the stress distribution within two-dimensional parabolic and three-dimensional cubic curved stockpiles, assuming a highly frictional granular solid, by which we mean sin φ ≈ 1. We note that the solutions based on the assumption sin φ = 1 are considered to be either limiting solutions for real materials or genuine exact solutions applying for materials which might be termed 'highly frictional', such as those mentioned in section 1.
For the two-dimensional parabolic curved stockpile, we use the exact parametric solution, (3.1) and (3.2), in the outer yield region, and assume that the outer surface is stress free. In the inner rigid region, there is no unique procedure for determining the form of the stress distribution. Here, we assume the stresses are extended into the inner rigid region in such a way that across the curved boundary between the two regions, the stresses are assumed to be continuous and of the same form. This procedure gives rise to solutions that are not uniquely determined, but depend on an arbitrary constant B, which lies in the range 1 3 < B < 1. For a given curved stockpile, we assume the external dimensions, height h and length (h/a) 1/2 , and then for any prescribed B lying in the range 1 3 < B < 1 we are able to analytically determine the stress distribution throughout the entire stockpile, and further we are able to predict the inner structure of the pile, namely the length (h/b) 1/2 via b which is obtained from (3.19) . We observe that all stress relations in the outer yield region involve only the single non-dimensional parameter χ h (y = −χ x 2 ), where a χ b. Figure 6 shows the parabolic stockpile with an inner rigid region and an outer yield region and the variations of σ x x /ρgh, σ xy /ρgh and σ yy /ρgh along the base y = −h with respect to x/ h, where B = 0·5 and ah = 4. The horizontal and vertical forces along the base of the stockpile, namely along y = −h, are given by σ x = σ xy and σ y = σ yy respectively. We comment that instead of prescribing the continuity of the Cauchy stress tensor, we could alternatively prescribe only the continuity of the stress tractions. In this latter event, we may show that two of the constants remain undetermined instead of just the single constant B.
Similarly, for the three-dimensional axially symmetric cubic curved stockpile, we find that the stress solutions in the inner rigid region are not uniquely determined, but depend on an arbitrary constant B, which lies in the range 1 5 < B < 1 2 . For a given curved stockpile, we assume the external dimensions h and (h/a) 1/3 , and then for any prescribed B lying in the range 1 5 < B < 1 2 we are able to analytically determine the stress distribution throughout the entire stockpile, and further we are able to predict the inner structure of the pile, namely (h/b) 1/3 via b which is obtained from (3.39). We observe that all stress relations in the outer yield region involve only the one nondimensional parameter χ h 2 (z = −χr 3 ), where a χ b. Figure 7 shows the cubic stockpile with an inner rigid region and an outer yield region and the variations of σ rr /ρgh, σ r z /ρgh and σ zz /ρgh along the base z = −h with respect to r/ h, where B = 0·35 and ah 2 = 4. The horizontal and vertical forces along the base of the stockpile, namely along z = −h, are given by σ r = σ r z and σ z = σ zz respectively.
From the figures, it is clear that the model predicts that the magnitudes of the horizontal and vertical forces have their maximum values at the stockpile extremities. This result, at first counterintuitive, perhaps occurs due to the high value of φ, where an internal arch has formed within the stockpile. We note that the solutions presented here do not apply to the corresponding problem incorporating the effects of base support, for which a displacement boundary condition needs to be imposed. The novel mathematical solutions presented here exhibit an unusual feature that our method of formulating the stress distribution in the inner rigid region of the cubic stockpile, necessarily induces a weak singularity σ rr = ρg A/r . On the one hand it may conceivably be possible to extend the solution into the inner region without generating this singularity. However, on the other hand stress continuity across the curved boundary separating the two regions imposes a strong condition on the possible allowable stress states within the rigid region. This singularity is weak in the sense that all integrated stress vectors are non-singular and it is not directly involved as such in the calculation of the base forces, but clearly this peculiarity needs further investigation. This characteristic needs to be tempered with the novel mathematical analysis presented for a difficult practical problem, not previously attempted in the literature. 
